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(M. Ben Tahar), jean-marc.roelandt@utc.fr (J.-M. RoelWilliams series expansion provides a general framework for the description of stress state near a crack-
tip. To each cracked conﬁguration corresponds a sequence of coefﬁcients depending on the geometry and
the load. Analytical deﬁnitions are widely available for the ﬁrst two terms leading to ﬁnite energy in
crack-tip area (stress intensity factor, T-stress), but rarely for higher order terms (either regular or singu-
lar ones). In the case of cracks of ﬁnite length, the radius of convergence of Williams series limits the area
of validity for the asymptotic expansion.
This paper presents closed-form expressions for the whole sequences of coefﬁcients related to the
problem of a ﬁnite crack in an inﬁnite plane medium with mode I and mode II remote load. Identiﬁcation
of coefﬁcients is based on expansions of Westergaard’s exact complex solutions. Closed-form crack-tip
expansions are given using power and Laurent series for points respectively inside and outside a speciﬁc
disk related to the geometry. Validity of the expressions derived is assessed with the conclusive compar-
ison of analytical series to complex solutions for mode I and mixed mode problems.
The existence of distinct domains of convergence for power and Laurent series is emphasized and their
radial and angular bases are shown to be different.
 2011 Elsevier Ltd. All rights reserved.m1. Introduction
In the development of fracture mechanics (Carpinteri and Paggi,
2009), Williams made a major breaktrough in the analysis of
asymptotic stress ﬁeld at the vicinity of re-entrant corners and
cracks in isotropic, linear, elastic plane media (Williams, 1952,
1957). With his eigen expansion method, he has been able to
establish the separable variables nature of the solution to the
biharmonic equation in the context of elasticity. He also speciﬁed
the nature of radial and angular dependencies for the Airy stress
function U at the singular point:
Uðr; hÞ ¼
X
i
fiðhÞrki ð1Þ
with fi(h) and ki being respectively the eigenfunctions and eigen-
values related to the problem considered.
In the speciﬁc case of a crack-tip, asymptotic expressions for the
stress ﬁeld in a plane medium with a traction-free crack submitted
to mode I and mode II load have been derived:
rijðr; hÞ ¼
X2
m¼1
X1
k¼1
amk f
m;ij
k ðhÞr
k
21 ð2Þll rights reserved.
lo), mabrouk.bentahar@utc.fr
andt).with index m associated to the fracture mode; ak coefﬁcients re-
lated to the geometric conﬁguration, load and mode; f m;ijk ðhÞ angular
functions depending on stress component and mode.
Analytical expressions for angular eigenfunctions are available
(Owen and Fawkes, 1983; Karihaloo and Xiao, 2001b):
f 1;11k ðhÞ ¼
k
2
ð2þ k=2þ ð1ÞkÞ cosðk=2 1Þh
ðk=2 1Þ cosðk=2 3Þh
" #
; ð3Þ
f 1;22k ðhÞ ¼
k
2
ð2 k=2 ð1ÞkÞ cosðk=2 1Þh
þðk=2 1Þ cosðk=2 3Þh
" #
; ð4Þ
f 1;12k ðhÞ ¼
k
2
ðk=2 1Þ sinðk=2 3Þh
ðk=2þ ð1ÞkÞ sinðk=2 1Þh
" #
; ð5Þ
f 2;11k ðhÞ ¼ 
k
2
ð2þ k=2 ð1ÞkÞ sinðk=2 1Þh
ðk=2 1Þ sinðk=2 3Þh
" #
; ð6Þ
f 2;22k ðhÞ ¼ 
k
2
ð2 k=2þ ð1ÞkÞ sinðk=2 1Þh
þðk=2 1Þ sinðk=2 3Þh
" #
; ð7Þ
f 2;12k ðhÞ ¼
k
2
ðk=2 1Þ cosðk=2 3Þh
ðk=2 ð1ÞkÞ cosðk=2 1Þh
" #
: ð8Þ
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domain, the nature and intensity of the load inﬂuence neither radial
nor angular functions in Eq. (2). All the variety of fracture mechan-
ics problems is hence taken into account in the sole sequence of
coefﬁcients amk . The summation with respect to index k is performed
for k 2 Z. Under linear elastic assumptions, terms with k 6 0 (with
radial dependencies r1, r3/2, r2, . . .) are generally discarded so as
to ensure the ﬁniteness of strain energy in the near-tip region. How-
ever, terms with higher order singularities have been proven to be
inﬂuential in some circumstances. According to Hui and Ruina
(1995), if a nonlinear zone exists around the crack-tip, singular
higher order terms have to be included in the stress solution outside
the disk containing the nonlinear zone. Chen and Hasebe (1997)
have then emphasized the need for these terms within an annulus
beyond the nonlinear zone for four different problems involving a
semi-inﬁnite crack. More recently, Stepanova (2008) has underlined
the signiﬁcative inﬂuence of higher order terms for stress series in a
power-law hardening material under mode I. The most recent
achievement on this topic by Zappalorto and Lazzarin (2011) justi-
ﬁed the need for higher order singular terms with two different
elastic–plastic laws for both cracks and V-notches.
If the series (2) is now considered with indice kP 1, the ﬁrst
term associated to k = 1 plays a dominant role near the crack-tip
because of its singularity r1/2. The notion of stress intensity factor
(SIF) has been introduced so as quantify the intensity of this ﬁrst
term. SIF have been calculated analytically or estimated experi-
mentally and numerically for a large number of fracture conﬁgura-
tions (Tada et al., 2000; Murakami, 2001; Gdoutos et al., 2003).
However, this sole ﬁrst term may not describe accurately en-
ough crack-tip stress for some applications. For instance, the con-
stant stress term acting parallely to the crack, known as T-stress,
inﬂuences signiﬁcantly small-scale yielding at the crack-tip (Lars-
son and Carlsson, 1973; Rice, 1974), brittle fracture (Smith et al.,
2001) or ductile tearing (Tvergaard and Hutchinson, 1994). Regular
higher order terms are also required for the accurate evaluation of
stress far from the crack-tip (McKellar et al., 2000; Berto and Lazz-
arin, 2010), the correct treatment of fatigue problems with near
threshold crack-growth rates (Paris, 2002; Tada and Paris, 2005)
or the reconstruction of photoelastic patterns (Ramesh et al., 1997).
Estimation of these regular higher order terms has for instance
been performed using experimental methods. Ramesh et al. (1997)
identiﬁed coefﬁcients of a multi-parameter stress ﬁeld with a
least-square procedure applied to experimental photoelastic re-
sults. However, so far, mostly numerical methods have been em-
ployed to estimate these terms: the Hybrid Crack Element (HCE)
method by Karihaloo and Xiao (2001a,b), Xiao and Karihaloo
(2002, 2003, 2007a,b), Karihaloo et al. (2003), and Xiao et al.
(2004); the Scaled Boundary Finite Element Method (SBFEM) by
Chidgzey and Deeks (2005), Song (2005), and Shrestha and Ohga
(2005, 2007); the Fractal-like Finite Element Method (FFEM) by
Su and Feng (2005), Su and Fok (2007), and Treiﬁ et al. (2008,
2009); the Super Singular Element Method (SSEM) by Tsang and
Oyadiji (2008); the singular integral equation approach by Anan-
thasayanam et al. (2007); the Finite Element Over Deterministic
method (FEOD) by Ayatollahi and Nejati, 2011.
Beyond these results, few purely analytical expressions are pro-
vided in the literature. To the authors knowledge, closed form
expressions for the whole sequences of coefﬁcients (with kP 1)
associated to problems with slant cracks under biaxial tension
have ﬁrst been given by Theocaris and Spyropoulos (1983). Paris
(2002) and Tada and Paris (2005) calculated analytical evaluations
for the ﬁrst regular higher order terms for some conﬁgurations.
They have also implicitly given a closed form expression for the
whole sequence of coefﬁcients related to the problem of a
semi-inﬁnite crack with concentrated opposed loading forces
applied at a given distance from the crack-tip.Considering higher order singular terms of series (2) (with
k 6 0), Zappalorto and Lazzarin (2011) justiﬁed the existence of
these terms in their solution for an elastic–plastic material. Using
a series reversion technique, they have been able to provide analyt-
ical expressions for the ﬁrst coefﬁcients of the series in a mode III
problem.
This article entends to provide closed-form expressions of all
coefﬁcients in power and Laurent series stress expansions for a ﬁ-
nite crack in an inﬁnite medium. Both mode I and mode II remote
load will be considered. With the analytical determination of coef-
ﬁcients, clariﬁcations can be made about:
1. the existence of different domains of convergence for power
and Laurent series stress expansions,
2. the existence on these domains of different bases of radial and
angular functions for the description of the expanded stress
ﬁeld,
3. the convergence behavior and accuracy of truncated series.
The outline of this article is as follows. Complex solutions for the
problems considered are recalled in Section 2. These solutions are
then expanded in closed-form complex power series in Section 3.
The next section presents the identiﬁcation procedure leading to
analytical deﬁnitions of Williams series coefﬁcients. In Section 5,
closed-form Laurent series expansions are provided for stress states
far from the crack-tip and analytical expressions of related coefﬁ-
cients are given aswell. Validity of proposed expressions is assessed
and discussed in Section 6 with the comparison of series and com-
plex solutions for different problems. Finally, main conclusions are
summarized in Section 7.
2. Complex solutions for elasticity in an inﬁnite cracked
medium
Complex variable theory provides a very convenient way to deal
with many problems in plane elasticity. It is Kolosov (1909) who
initiated research in this area. Thorough descriptions of complex
analysis techniques applied to elasticity can be found in Muskhe-
lishvili (1953), Green and Zerna (1968), England (1971) or Aparicio
(2000). The approach consists ﬁrst to consider the Airy stress func-
tion U deﬁned as:
r11ðx1; x2Þ ¼ @
2U
@x22
; r22ðx1; x2Þ ¼ @
2U
@x21
;
r12ðx1; x2Þ ¼  @
2U
@x1@x2
:
ð9Þ
Thanks to this deﬁnition, satisfaction of elasticity equations is now
equivalent to:
r4U ¼ 0; ð10Þ
where r4 is the biharmonic operator.
For the mode I problem of a ﬁnite crack in an inﬁnite medium
under bi-axial tension, the semi-inverse method of Westergaard
(1939) provides a solution respecting prescribed stress on crack-
lips and at inﬁnity. Westergaard’s initial solution has been re-
examined and improved by Sih (1966), Eftis and Liebowitz
(1972), Sanford (1979) and Sun and Farris (1989). Following the
formalism of Muskhelishvili (1953), two analytic complex poten-
tials / and v of complex variable z = x1 + ix2 (Fig. 1) are introduced.
These potentials enable to express a solution to the biharmonic
equation (10) as:
Uðx1; x2Þ ¼ Re ½z/ðzÞ þ vðzÞ ð11Þ
with Re[. . .] denoting the real part and z being the complex conju-
gate of z.
Fig. 1. Polar coordinate system at the crack-tip z = a.
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of stress depending on complex potentials / and v:
r11ðzÞ þ r22ðzÞ ¼ 4Re ½/0ðzÞ;
r22ðzÞ  r11ðzÞ þ 2ir12ðzÞ ¼ 2½z/00ðzÞ þ v0ðzÞ:
ð12Þ
Complex solutions are available for mode I and mode II problems of
an inﬁnite linear plane medium holding a load-free crack
C ¼ fz 2 CjIm ½z ¼ 0; jRe ½zj 6 ag (Fig. 2). For pure mode I, remote
loading satisﬁes:
lim
jzj!þ1
½r11ðzÞ;r12ðzÞ;r22ðzÞ ¼ ½a; 0;1  r122: ð13Þ
While for pure mode II problem:
lim
jzj!þ1
½r11ðzÞ;r12ðzÞ;r22ðzÞ ¼ ½0;1; 0  r112: ð14Þ2.1. Bi-axial symmetric problems (mode I)
In the case of biaxial symmetric problems, shear stress r12(z)
must be zero when Im[z] = 0. Enforcing this condition provides a
new equation expressing v in terms of /. With substitution, com-
plex potential v then vanishes from Eq. (12). These equations now
only depend on a mode I analytic complex potential /1 and a con-
stant C1. It comes that:
r111ðzÞ ¼ 2Re /01ðzÞ
  2x2 Im /001ðzÞ þ C1;
r122ðzÞ ¼ 2Re /01ðzÞ
 þ 2x2 Im /001ðzÞ  C1;
r112ðzÞ ¼ 2x2 Re /001ðzÞ
 
:
ð15ÞFig. 2. In-plane problems considered: mode I (top) and mode II (bottom).Determination of /1 and C1 is performed with the satisfaction of
boundary conditions on the crack (load-free) and at inﬁnity (13).
The solution of the problem is given in Muskhelishvili (1953):
/01ðzÞ ¼
r122
2
z
ðz2  a2Þ12
" #
þ ða 1Þr
1
22
4
; ð16Þ
C1 ¼ ða 1Þr
1
22
2
: ð17Þ
Finally, explicit expressions for stress in pure mode I problems are
obtained by injecting Eqs. (16) and (17) in Eq. (15):
r111ðzÞ ¼ r122
Re z
ðz2a2Þ12
 
þ ða 1Þ
 x2 Im 1
ðz2a2Þ
1
2
 z2
ðz2a2Þ
3
2
 
2
6664
3
7775; ð18Þ
r122ðzÞ ¼ r122
Re z
ðz2a2Þ12
 
þ x2 Im 1
ðz2a2Þ12
 z2
ðz2a2Þ32
 
2
6664
3
7775; ð19Þ
r112ðzÞ ¼ r122x2 Re
1
ðz2  a2Þ12
 z
2
ðz2  a2Þ32
" #
: ð20Þ2.2. Skew symmetric problems (mode II)
For pure mode II problems, the solution is sought by enforcing
the mechanical condition r22(z) = 0 when Im[z] = 0. This enables
to express v in terms of / and then to get rid of v in Eq. (12). A sin-
gle analytic complex potential /2 for pure mode II problems then
remains in Eq. (12). Stress state now only depends on the unknown
potential /2 and the unknown constant C2:
r211ðzÞ ¼ 4Re /02ðzÞ
  2x2 Im /002ðzÞ ;
r222ðzÞ ¼ 2x2 Im /002ðzÞ
 
;
r212ðzÞ ¼ 2Im /02ðzÞ
  2x2 Re /002ðzÞ  C2:
ð21Þ
As for mode I, determination of /2 and C2 is performed with the sat-
isfaction of boundary conditions on the crack (load-free) and at
inﬁnity (14). The solution of the problem is also given in Muskhe-
lishvili (1953):
/02ðzÞ ¼ i
r112
2
z
ðz2  a2Þ12
" #
þ ir
1
12
2
; ð22Þ
C2 ¼ r112: ð23Þ
Finally, explicit expressions for stress in pure mode II problems are
obtained by inserting Eqs. (22) and (23) in Eq. (21):
r211ðzÞ ¼ r112
2Im z
ðz2a2Þ12
 
þ x2 Re 1
ðz2a2Þ12
 z2
ðz2a2Þ32
 
2
6664
3
7775; ð24Þ
r222ðzÞ ¼ x2r112 Re
1
ðz2  a2Þ12
 z
2
ðz2  a2Þ32
" #
; ð25Þ
r212ðzÞ ¼ r112
Re z
ðz2a2Þ12
 
 x2 Im 1
ðz2a2Þ
1
2
 z2
ðz2a2Þ
3
2
 
2
6664
3
7775: ð26Þ
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Exact stress solutions for the problems investigated are ex-
pressed in terms of complex variable z in Eqs. (18)–(20) for mode
I and Eqs. (24)–(26) for mode II. On the other hand, Williams
expansion (2) describes the stress ﬁeld at the vicinity of a crack-
tip as a series involving real polar variables r and h. In this, trans-
formation of complex solutions into crack-tip polar expansions is
performed so as to identify coefﬁcients amk in Eq. (2). First, one no-
tices that complex solutions are based on the two following com-
plex functions:
w0ðzÞ ¼ z
ðz2  a2Þ12
; ð27Þ
w00ðzÞ ¼ 1
ðz2  a2Þ12
 z
2
ðz2  a2Þ32
: ð28Þ
The function w0(z) presents two poles at z = a and z = a. A factor-
ization enables to separate singularities in two factors. The ﬁrst
one keeps the pole z = a whereas the second holds the singularity
at z = a:
w0ðzÞ ¼ 1
ðz aÞ12
z
ðzþ aÞ12
: ð29Þ
The second factor in Eq. (29) is analytic everywhere in the complex
plane except at z = a. Therefore, it can be locally described at z = a
by a convergent power series. Since z/(z + a)1/2 presents a single
pole at z = a, the radius of convergence of this series is 2a. Eq.
(29) becomes:
w0ðzÞ ¼ 1
ðz aÞ12
X1
n¼0
1
n!
dn
dzn
z
ðzþ aÞ12
" #
z¼a
ðz aÞn ð30Þ
with jz  aj < 2a. Then, the prefactor holding the pole z = a can be
integrated in the series summation:
w0ðzÞ ¼
X1
n¼0
1
n!
dn
dzn
z
ðzþ aÞ12
" #
z¼a
ðz aÞn12: ð31Þ
The main difﬁculty now consists to determine a closed-form
expression for the nth derivative of z/(z + a)1/2 evaluated at z = a.
A way to get this expression consists to rewrite the fraction as:
z
ðzþ aÞ12
¼ 1ﬃﬃﬃﬃﬃﬃ
2a
p ðaþ ðz aÞÞ 1þ z a
2a
 12
: ð32Þ
This new expression can then be expressed as a power series at z = a
using classical formulae. After some manipulations, a closed-form
expression for the nth derivative of this series can be obtained
and we get:
dn
dzn
z
ðzþ aÞ12
" #
z¼a
¼ ð1Þ
nþ1ð2nþ 1Þ!
23nþ
1
2ð2n 1Þn!an12
: ð33Þ
Injecting Eq. (33) into Eq. (31), the series expansion of w0(z) at z = a
is thus:
w0ðzÞ ¼
X1
n¼0
w0nðaÞðz aÞn
1
2 ð34Þ
with:
w0nðaÞ ¼
ð1Þnþ1ð2nþ 1Þ!
23nþ
1
2ð2n 1Þðn!Þ2an12
;
jz aj < 2a:
ð35Þ
Power series expansions of w00(z) at z = a can be determined as well.
However, it seems more convenient to recall that:
w00ðzÞ ¼ dw
0
dz
ðzÞ: ð36ÞThis way, the expression of series expansion for w00(z) at z = a can be
derived directly from Eq. (34):
w00ðzÞ ¼
X1
n¼0
w00nðaÞðz aÞn
3
2 ð37Þ
with:
w00nðaÞ ¼ ðn 1=2Þw0nðaÞ;
w00nðaÞ ¼
ð1Þnþ1ð2nþ 1Þ!
23nþ
3
2ðn!Þ2an12
;
jz aj < 2a:
ð38Þ
Complex functions w0 and w00 may now be described with conver-
gent power series within the open disk jz  aj < 2a. Injecting these
representations into complex exact solutions for stress (18)–(20)
and (24)–(26) leads to complex closed-form power series expres-
sions. When a polar coordinate system is considered at the center
of the convergence disk according to Fig. 1, we have z(r,h) = a + reih
and x2(r,h) = rsin(h). Recalling that w
00
n ¼ ðn 1=2Þw0n and using the
following trigonometric identities:
sin h sinðn 3=2Þh ¼ 1
2
½cosðn 5=2Þh cosðn 1=2Þh;
sin h cosðn 3=2Þh ¼ 1
2
½sinðn 1=2Þh sinðn 5=2Þh;
ð39Þ
exact polar power series expansions can be deﬁned as:
r1ijðr; hÞ ¼ r122
X1
n¼0
w0nðaÞg1;ijn ðhÞrn
1
2 þ ða 1Þdi1dj1
" #
;
r2ijðr; hÞ ¼ r112
X1
n¼0
w0nðaÞg2;ijn ðhÞrn
1
2
ð40Þ
with angular functions gm;ijn deﬁned as:
g1;11n ðhÞ ¼
1
2
ðnþ 3=2Þ cosðn 1=2Þh
ðn 1=2Þ cosðn 5=2Þh
 
; ð41Þ
g1;22n ðhÞ ¼
1
2
ðnþ 5=2Þ cosðn 1=2Þh
þðn 1=2Þ cosðn 5=2Þh
 
; ð42Þ
g1;12n ðhÞ ¼
1
2
ðnþ 1=2Þ sinðn 1=2Þh
þðn 1=2Þ sinðn 5=2Þh
 
; ð43Þ
g2;11n ðhÞ ¼
1
2
ðnþ 7=2Þ sinðn 1=2Þh
ðn 1=2Þ sinðn 5=2Þh
 
; ð44Þ
g2;22n ðhÞ ¼
1
2
ðnþ 1=2Þ sinðn 1=2Þh
þðn 1=2Þ sinðn 5=2Þh
 
; ð45Þ
g2;12n ðhÞ ¼
1
2
ðnþ 3=2Þ cosðn 1=2Þh
ðn 1=2Þ cosðn 5=2Þh
 
: ð46Þ4. Identiﬁcation of Williams series coefﬁcients
Coefﬁcients amk in Williams series (2) hold all speciﬁc informa-
tion related to the fracture conﬁguration. Hence, the sequence
deﬁnition is for instance inﬂuenced by the nature of the crack
(semi-inﬁnite, ﬁnite), by crack geometric characteristics (length),
by the nature and intensity of the load (force, moment, stress).
Coefﬁcients amk are the same for the Williams series concerning
rm11; rm12 and rm22. In the closed-form power series previously de-
rived (40), a constant term (r0 = 1) only exists in the expression
of r111ðr; hÞ, with a value of r122ða 1Þ. Williams series holding a
constant term as well (index k = 2), identiﬁcation has thus to be
performed for mode I with r111ðr; hÞ in order to have the full set
of radial dependencies.
z=-a z=a
power series
Laurent series
|z-a|=2a
Fig. 3. Domains of convergence for power series (open disk jz  aj < 2a) and for
Laurent series (open annulus 2a < jz  aj < +1).
560 G. Hello et al. / International Journal of Solids and Structures 49 (2012) 556–566In this, the general polar power series expansions of Williams
for r111 will be compared to the speciﬁc power series deﬁned in
the previous section by Eqs. (40) and (41):
r111ðr;hÞ ¼r122ða1Þþ
X1
n¼0
r122w
0
nðaÞ
2
ðnþ3=2Þcosðn1=2Þh
ðn1=2Þcosðn5=2Þh
 
rn
1
2:
ð47Þ
Concerning identiﬁcation of mode II coefﬁcients, r211ðr; hÞ (40) is
arbitrary chosen since all stress components in mode II are decom-
posed on the same radial basis ðrn1=2;n 2 NÞ. Following Eqs. (40)
and (44), the power series expression of r211ðr; hÞ within the conver-
gence disk is:
r211ðr; hÞ ¼
X1
n¼0
r112w
0
nðaÞ
2
ðnþ 7=2Þ sinðn 1=2Þh
ðn 1=2Þ sinðn 5=2Þh
 
rn
1
2: ð48Þ
Polar power series expansions for r11 at z = a are now available
in closed form for both mode I (47) and mode II (48). They depend
on the coefﬁcient w0nðaÞ that has been expressed analytically in Eq.
(35). Connection to Williams expansion (2) now just requires a few
more steps. Summation in Eq. (2) is splitted in a ﬁrst summation on
odd indices k = 2n + 1 and a second one on even indices k = 2n:
rijðr; hÞ ¼
X2
m¼1
X1
n¼1
am2nþ1f
m;ij
2nþ1ðhÞrn
1
2 þ
X2
m¼1
X1
n¼1
am2nf
m;ij
2n ðhÞrn1: ð49Þ
Comparison of radial dependency in Eqs. (48) and (49) implies that
Williams series coefﬁcients a22n with n 2 Z are identically equal to 0.
For mode I coefﬁcients, because of the constant term in Eq. (47), all
coefﬁcients a12n with n 2 Z are identically equal to 0 except the term
with n = 1 leading to radial dependency r0 = 1. It also appears that
all coefﬁcients with n < 0 are identically equal to 0. With remaining
terms, Eq. (49) is adapted for stress component r11 and leads to:
r11ðr; hÞ ¼ a12f 1;112 ðhÞ þ
X1
n¼0
a12nþ1f
1;11
2nþ1ðhÞrn
1
2 þ
X1
n¼0
a22nþ1f
2;11
2nþ1ðhÞrn
1
2:
ð50Þ
Thanks to fracture modes linearity, expression (50) is then equal to
the summation of Eqs. (47) and (48). Since radial dependencies are
now identical, a direct identiﬁcation provides:
a12nþ1f
1;11
2nþ1ðhÞ ¼
r122w
0
nðaÞ
2
ðnþ 3=2Þ cosðn 1=2Þh
ðn 1=2Þ cosðn 5=2Þh
 
;
a12f
1;11
2 ðhÞ ¼ r122ða 1Þ;
a22nþ1f
2;11
2nþ1ðhÞ ¼
r112w
0
nðaÞ
2
ðnþ 7=2Þ sinðn 1=2Þh
ðn 1=2Þ sinðn 5=2Þh
 
:
ð51Þ
Taking into account deﬁnitions of angular functions f 1;11k ðhÞ (3) and
f 2;11k ðhÞ (6), angular dependencies in left sides of (51) can be
explicited:
f 1;112nþ1ðhÞ ¼ ðnþ 1=2Þ
ðnþ 3=2Þ cosðn 1=2Þh
ðn 1=2Þ cosðn 5=2Þh
 
;
f 1;112 ðhÞ ¼ 4;
f 2;112nþ1ðhÞ ¼ ðnþ 1=2Þ
ðnþ 7=2Þ sinðn 1=2Þh
ðn 1=2Þ sinðn 5=2Þh
 
:
ð52Þ
After combination of Eqs. (51) and (52), it ﬁnally follows:
a12nþ1 ¼ r122
w0nðaÞ
2nþ 1 ;
a12 ¼ r122
a 1
4
;
a22nþ1 ¼ r112
w0nðaÞ
2nþ 1 :
ð53ÞCoefﬁcients of Williams series expansion are now related to the
geometric dependent quantity w0nðaÞ (35) and to load parameters
r122; a and r112. Closed form deﬁnitions for Williams mode I coefﬁ-
cients are thus:
a12nþ1 ¼
ð1Þnþ1ð2nÞ!
23nþ
1
2ðn!Þ2ð2n 1Þ
r122
an
1
2
; nP 0;
a12 ¼
r122ða 1Þ
4
;
a1k ¼ 0; otherwise
ð54Þ
and for mode II coefﬁcients:
a22nþ1 ¼
ð1Þnð2nÞ!
23nþ
1
2ðn!Þ2ð2n 1Þ
r112
an
1
2
; nP 0;
a2k ¼ 0; otherwise:
ð55Þ
Finally, Williams series expansion for problems investigated (Fig. 2)
has the form:
rijðr; hÞ ¼ a12f 1;ij2 ðhÞ þ
X2
m¼1
X1
n¼0
am2nþ1f
m;ij
2nþ1ðhÞrn
1
2: ð56Þ5. Laurent series expansion of complex solutions at inﬁnity
In previous sections, exact complex solutions have been ex-
panded as power series at the crack-tip z = a with a guaranteed
convergence for any z lying inside the convergence disk jz  aj < 2a.
The purpose of this section is to deﬁne a new series expansion valid
for all the points outside this disk. Since complex functions w0 (27)
and w00 (28) are analytic for jz  aj > 2a, they both admit Laurent
series expansions from z = a that converge in the open annulus
fz 2 Cj2a < jz aj < þ1g (Fig. 3).
A strategy to get closed-form expressions for Laurent series of
w0 and w00 is to rewrite these functions so that classical formulae
for power series may be used. For w0, a convenient transformation
is:
z
ðz2  a2Þ12
¼ 1þ a
z a
 
1þ 2a
z a
	 
12
: ð57Þ
After some analytical manipulations, the Laurent series for w0
expanded from z = a can be deﬁned as:
w0ðzÞ ¼
X1
n¼0
~w0nðaÞðz aÞn ð58Þ
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~w0nðaÞ ¼
ð1Þnðn 1Þð2nÞ!an
2nð2n 1Þðn!Þ2
;
jz aj > 2a:
ð59Þ
The Laurent series for w00 expanded from z = a is then derived from
(58) according to (36):
w00ðzÞ ¼
X1
n¼0
~w00nðaÞðz aÞðnþ1Þ ð60Þ
with:
~w00nðaÞ ¼ n~w0nðaÞ;
~w00nðaÞ ¼
ð1Þnþ1ðn 1Þnð2nÞ!an
2nð2n 1Þðn!Þ2
;
jz aj > 2a:
ð61Þ
Since w0 and w00 may be substituted with their Laurent series for
jz  aj > 2a, Eqs. (58) and (60) can be injected into complex stress
solutions to provide the series expansion sought. Recalling that
~w00nðaÞ ¼ n~w0nðaÞ and using trigonometric identities (39), polar Lau-
rent series representations for mode I and II solutions are then de-
duced from complex expressions (18)–(20) and (24)–(26):
r1ijðr; hÞ ¼ r122
X1
n¼0
~w0nðaÞ~g1;ijn ðhÞrn þ ða 1Þdi1dj1
" #
;
r2ijðr; hÞ ¼ r112
X1
n¼0
~w0nðaÞ~g2;ijn ðhÞrn
ð62Þ
with angular functions ~gm;ijn deﬁned as:
~g1;11n ðhÞ ¼ ðn=2þ 1Þ cosðnhÞ þ ðn=2Þ cosðnþ 2Þh; ð63Þ
~g1;22n ðhÞ ¼ ðn=2þ 1Þ cosðnhÞ þ ðn=2Þ cosðnþ 2Þh; ð64Þ
~g1;12n ðhÞ ¼ ðn=2Þ sinðnhÞ þ ðn=2Þ sinðnþ 2Þh; ð65Þ
~g2;11n ðhÞ ¼ ðn=2 2Þ sinðnhÞ þ ðn=2Þ sinðnþ 2Þh; ð66Þ
~g2;22n ðhÞ ¼ ðn=2Þ sinðnhÞ þ ðn=2Þ sinðnþ 2Þh; ð67Þ
~g2;12n ðhÞ ¼ ðn=2þ 1Þ cosðnhÞ þ ðn=2Þ cosðnþ 2Þh: ð68Þ
Examining expansions (40) and (62), it appears that radial bases for
power and Laurent series differ from one another. They share the
constant term r0 = 1, but power series are expressed with a radial
dependency rn1=2; n 2 N whereas Laurent series are based on the
set rn; n 2 N. Considering angular dependencies, the difference re-
mains. While power series angular functions gm;ijn ðhÞ are propor-
tional to the related Williams angular functions f m;ijk ðhÞ with
k = 2n + 1, functions ~gm;ijn ðhÞ in Laurent series are not compatible
with their Williams counterparts where k = 2  2n.
6. Results
6.1. Analytical veriﬁcation of SIF and T-stress
Stress intensity factors and T-stress for Mode I and mode II
problems investigated have been determined analytically. SIFs
drive the amplitude of the ﬁrst term in Williams expansion (2)
with k > 0. Since this term has a singular radial dependency r1/2,
SIFs enable to quantify accurately the stress state at the vicinity
of crack-tip. For the pure mode I problem of an inﬁnite isotropic
medium with a crack of length 2a submitted to a remote stress
r122, the SIF KI equals r122
ﬃﬃﬃﬃﬃﬃ
pa
p
. For the equivalent mode II problem
with a load r112, the SIF KII equals r112
ﬃﬃﬃﬃﬃﬃ
pa
p
. Generally, SIFs are
deﬁned as:KI ¼ lim
r!0þ
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
r22ðr;0Þ;
KII ¼ lim
r!0þ
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
r12ðr;0Þ:
ð69Þ
T-stress for pure mode I problems corresponds to the constant
stress acting parallely to crack direction. For the mode I problem de-
picted in Fig. 2, T-stress is the constant component of r11. According
to the analytical complex deﬁnition of r111 (18), the T-stress value is
then r122ða 1Þ.
With the power series expansion deﬁned in Eq. (56), SIFs and T-
stress can be derived as well. Their deﬁnitions involve angular
functions f 1;22k ðhÞ (4), f 2;12k ðhÞ (8) and coefﬁcients a1k (54), a2k (55):
KI ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
a11f
1;22
1 ð0Þ;
KII ¼
ﬃﬃﬃﬃﬃﬃ
2p
p
a21f
2;12
1 ð0Þ;
T ¼ a12f 1;112 ð0Þ:
ð70Þ
Which is equivalent to:
KI ¼ r122
ﬃﬃﬃﬃﬃﬃ
pa
p
;
KII ¼ r112
ﬃﬃﬃﬃﬃﬃ
pa
p
;
T ¼ r122ða 1Þ:
ð71Þ
It appears that SIF and T-stress derived from deﬁnitions of coefﬁ-
cients amk in Eqs. (54) and (55) correspond to expected expressions.
General deﬁnitions of amk thus work for a
1
1; a
2
1 and a
1
2.
6.2. Analytical veriﬁcation of radii of convergence
Because of the existence of poles at z = a and z = a in Westerg-
aard’s complex stress solutions, complex power series expansions
at z = a converge within the disk jz  aj < 2a and diverge outside.
This property has to remain for the polar power series expansion
(56) based on identiﬁed Williams coefﬁcients (54) and (55). To as-
sess the validity of this property, Cauchy root test (see Riley and
Hobson, 2011 for details) is performed on the general term of
power series (56). For this purpose we deﬁne:
CPS ¼ lim sup
n!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jam2nþ1f m;ij2nþ1ðhÞrn
1
2jn
q
; ð72Þ
where lim sup stands for limit superior.
Using the convenient bounding of n!:
e
n
e
 n
6 n! 6 e n
e
 nþ1
; ð73Þ
it can be established that:
lim
n!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jam2nþ1jn
q
¼ 1
2a
: ð74Þ
Concerning angular functions f m;ij2nþ1ðhÞ, it is possible to bound their
nth root with:
0 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jf m;ij2nþ1ðhÞjn
q
6 1: ð75Þ
Considering that limn!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
jrn12jn
q
¼ r, it ﬁnally comes out:
CPS ¼ r2a : ð76Þ
According to Cauchy root test, a sufﬁcient condition for the series to
converge absolutely is CPS < 1. Divergence occurs when CPS > 1. For
power series, convergence condition is then satisﬁed with any ra-
dius r < 2a whereas divergence happens for r > 2a.
For complex Laurent series expansions, convergence is assured
in the open annulus 2a < jz  aj < +1. The polar series derived have
to share the same property. A Cauchy root test is hence performed
on the general term of series (62). The quantity CLS is deﬁned as:
CLS ¼ lim sup
n!1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j~w0nðaÞ~gm;ijn ðhÞrnj
n
q
ð77Þ
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CLS ¼ 2ar : ð78Þ
This series thus converge for radii r > 2a and diverge when r < 2a, as
expected.
6.3. Numerical illustration of radii of convergence
Quantitative effect of radii of convergence on series behavior is
assessed. For a mode I problem (with a = 0), stress component r22
is evaluated with both exact complex solution (19) and series
expansions on circles with radii r/a 2 {0.5,1,1.5,1.9,1.95,2} for
power series (56) and r/a 2 {2,2.05,2.1,2.5,4,8} for Laurent series
(62). For a given number N of terms in the series, maximum relative0 50 100 150 200
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22
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ﬃﬃ
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p
a1=2
r122 ~w
0
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1
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1
22
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It appears that relative error tends globally to decrease when N
increases for all circles with radii satisfying the convergence condi-
tions r/a < 2 for power series and r/a > 2 for Laurent series. It also
comes out that the closer the ratio r/a gets to 2, the slower the
convergence becomes. For circles r/a = 1.95, r/a = 2.05 and
r/a = 2.1, it even appears that error augments slightly at ﬁrst before
decreasing.
On the numerical point of view, evaluations of coefﬁcients am2nþ1
in Eq. (56) and ~w0nðaÞ in Eq. (62) have to be performed carefully. The
presence of factorials requires a special attention for computations.
A convenient way to preserve numerical accuracy consists to re-
deﬁne coefﬁcients in an iterative way without explicit factorials.
For Williams mode I coefﬁcients it comes:0 50 100 150 200
10−10
10−8
10−6
10−4
10−2
100
102
maximum summation index N in Laurent series
m
a
xi
m
um
 re
la
tiv
e 
er
ro
r o
n 
 σ
22
(r/
a=
k, θ
)]
r/a=8 r/a=4 r/a=2.5
r/a=2.1
r/a=2.05
r/a=2
points on different circles: (a) Power series (r/a 2 {0.5,1,1.5,1.9,1.95,2}), (b) Laurent
terms N in summations.
de I problem with points on the crack bisector line h = 0.
2 3 4
 5r122
32
ﬃﬃ
2
p
a3=2
7r122
128
ﬃﬃ
2
p
a5=2
 45r122
2048
ﬃﬃ
2
p
a7=2
1
2 a
2r122 a3r122 158 a4r122
7 8 9
495r122
262144
ﬃﬃ
2
p
a13=2
 7293r122
8388608
ﬃﬃ
2
p
a15=2
13585r122
33554432
ﬃﬃ
2
p
a17=2
 998 a7r122 3003128 a8r122  71516 a9r122
0 0.5 1 1.5 2 2.5 3
10−14
10−12
10−10
10−8
10−6
10−4
10−2
100
convergence limit →
N=1
2
3
4
5
6
7
8
9
10
r/a
R
el
at
iv
e 
er
ro
r o
n σ
22
(r,θ
=
0)
x solution and power series approximations for increasing number of terms N, (b)
0 1 2 3 4 5
0
0.5
1
1.5
2
r/a
σ
22
(r,
θ=
0)
/σ
22∞
← convergence limit
N=1 2
3
exact
4
5
6
7
8
9
10
0 2 4 6 8 10
10−8
10−6
10−4
10−2
100
← convergence limit
N=1 2
3
4
5
6
7
8
9
10
r/a
R
el
at
iv
e 
er
ro
r o
n σ
22
(r,
θ=
0)
a b
Fig. 6. r22 Along the crack bisector line h = 0 for pure mode I problem. (a) Exact complex solution and Laurent series approximations for increasing number of terms N, (b)
relative error.
Fig. 7. rvmeq =r122 For a mixed-mode problem with load-state r111;r112;r122
  ¼ ð0:5;0:5;1Þ  r122. Comparison of (a) and (c) exact complex solutions with respectively (b) power
series and (d) Laurent series both truncated at N = 200.
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r122
ﬃﬃﬃ
a
pﬃﬃﬃ
2
p ;
a12 ¼
r122ða 1Þ
4
;
a12nþ3 ¼ 
2n 1ð Þ
4ðnþ 1Þa a
1
2nþ1; nP 0;
a1k ¼ 0; otherwise:
ð79Þ
For mode II coefﬁcients:a21 ¼ 
r112
ﬃﬃﬃ
a
pﬃﬃﬃ
2
p ;
a22nþ3 ¼ 
ð2n 1Þ
4ðnþ 1Þa a
2
2nþ1; nP 0;
a2k ¼ 0; otherwise:
ð80Þ
Iterative deﬁnitions of coefﬁcients amk depend on the same factor
(2n  1)/(4(n + 1)a) for both modes. Even if mode I and mode II
coefﬁcients stem from the same complex potential w0 (27), it is
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(18) and (24) lead to such correspondence. A similar observation
can be made from the work of Henninger et al. (2010) concerning
polar expansions for mixed-mode displacements at the crack-tip.
Concerning Laurent series coefﬁcients ~w0nðaÞ, an iterative deﬁni-
tion can be determined as well:
~w0nðaÞ ¼
n 1
2n 1 cnðaÞ; nP 0;
c0ðaÞ ¼ 1;
cnþ1ðaÞ ¼ 
ð2nþ 1Þa
nþ 1 cnðaÞ; nP 0:
ð81Þ6.4. Examination of truncation inﬂuence
With series expansions known in closed-form for problems con-
sidered, the question of truncation inﬂuence on the quality of re-
sults can be assessed. One may wonder how many terms are
required in the summation so as to reach a prescribed error-level
at a given point. In order to examine quantitatively truncation
inﬂuence, a pure mode I problem (with a = 0) is considered. Quan-
tity r22 is calculated along the crack bisector line h = 0 with exact
complex solution (19). The comparison is then made with results
provided by power (56) and Laurent (62) series calculated up to
the tenth term. Analytical values for the ten ﬁrst coefﬁcients of
both series are presented in (Table 1). It appears that coefﬁcients
signs depend on the parity of index n. Both crack-tip stress expan-
sions can therefore be qualiﬁed as alternating series. This property
leads for instance to the fact that curves with the same parity in
Figs. 5a and 6a are either up or under exact complex solutions.From Figs. 5 and 6, series convergence is observed for both
power and Laurent expansions in their respective domains of con-
vergence (r/a < 2 and r/a > 2). There, the more terms summations
hold, the smaller relative errors become. Convergence rate also ap-
pears to improve as points move away from circle r = 2a. On the
contrary, series diverge for points located outside their conver-
gence domains and adding new terms even worsens stress approx-
imations. If a 1% error level is sought at r = a on the crack bisector
line h = 0, four terms in the power series expansion are sufﬁcient. If
the same accuracy is sought at r = 3a, at least ﬁve terms are needed
in Laurent series.
6.5. Application to a mixed-mode problem
Previous examinations of power (56) and Laurent (62) series
solutions have been performed for a pure mode I problem. This last
application addresses a mixed mode problem. The remote stress
state considered is ðr111;r112;r122Þ ¼ ð0:5;0:5;1Þr122. Comparisons
of power and Laurent series with complex solutions are performed
with summations holding up to N = 200 terms. So as to estimate
simultaneously the validity of series approximations for the three
stress components, plane stress Von Mises equivalent stress rvmeq
is observed:
rvmeq ðr11;r12;r22Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r211 þ r222  r11r22 þ 3r212
q
: ð82Þ
In Fig. 7, rvmeq calculated with complex solutions is represented in
left ﬁgures while truncated series solutions are depicted in right
ones. Good qualitative agreement is obviously achieved. Iso-stress
areas largely correspond and no noticeable difference from complex
G. Hello et al. / International Journal of Solids and Structures 49 (2012) 556–566 565references can be discerned for both power and Laurent series
solutions.
Convergence of power series is then observed for points on the
half-line h = 3p/4 in Fig. 8. Previous observations made for a pure
mode I problem with h = 0 still hold. However here, convergence
does not turn up to be radially uniform for all values of N like pre-
viously. For N = 5, 10, 20 relative error curves exhibit local minima
due to the combination of angular functions f m;ijn ð3p=4Þ.
Behavior of truncated Laurent series solutions is ﬁnally exam-
ined in Fig. 9. Choice is made to consider the half-line h = p. This
speciﬁc angle enables to assess the ability of Laurent expansions
to describe the singular stress ﬁeld at z = a. Even though Eq.
(62) does not exhibit a singularity when r = 2a and h = p, conver-
gence of truncated series approximations to the singular complex
solution is achieved as the number or terms increases.7. Conclusion
This paper has aimed at determining closed-form expressions
for coefﬁcients in crack-tip stress expansions for a ﬁnite crack in
an inﬁnite plane medium subjected to mixed mode load. Westerg-
aard’s exact complex solutions for such problems have been trans-
formed into polar power and Laurent series deﬁned in closed-form.
From these expressions, it comes that:
1. Analytical and numerical investigations have underlined the
existence of a circle of convergence centered at the crack-tip
whose radius is equal to the crack length. Power series converge
in the open disk limited by this circle while the convergence of
Laurent series is assured in the complementary open annulus.
2. Radial bases for the two types of series have been shown to dif-
fer. Both hold a constant term but power series are developed
with rn1=2; n 2 N, while Laurent series are based on
rn; n 2 N. Angular bases are also dissimilar and solely power
series angular functions are compatible with Williams ones.
3. Exact analytical values of SIF KI, KII and T-stress can be retrieved
from power series deﬁnitions. In their respective domains of
validity, truncated series approximations converge to Westerg-
aard’s complex solutions as the number of terms in summations
increases.
Power series deﬁnitions have enabled identiﬁcation of the
whole sequences of Williams series coefﬁcients associated to the
problems studied. Hence, an immediate application of this work
can be made in research related to the numerical estimation of
these coefﬁcients. Analytical coefﬁcients deﬁnitions may be used
as references for a benchmark problem with a ﬁnite crack in a ﬁ-
nite domain whose boundary-conditions are set according to
Westergaard’s solution.
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